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Abstract 
In this paper, counterexamples are given for Kano's conjecture on connected [2,k]-factors and 
a new conjecture is posed. Furthermore, sufficient conditions for graphs to have a 2-connected 
[2,3]-factor are given to support the new conjecture. @ 1999 Elsevier Science B.V. All rights 
reserved 
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We consider simple and finite graphs G = (V(G), E(G)).  Undefined concepts and 
notations are all from [1]. Let a ~<b be positive integers. A spanning subgraph F of G 
is called an [a,b]-factor of G ifa<~dF(V)<,b for all v E V(G). In [3], Kano generalizes 
Ore's result (Lemma B) on hamilton cycles to connected [2, k]-factors and propose the 
following 
Conjecture 1. Let k>~2 be an integer and G be a 2-edge-connected graph with 
I V(G)I >~k + 3. If dc;(x) + dc(y)>~4] V(G)]/(k + 2) for any two nonadjacent vertices 
x and y of  G, then G has a 2-edge-connected [2,k]-factor. 
In this paper we give counterexamples for Conjecture 1 (see Theorem 1 ). Moreover, 
we propose a new conjecture and suppose it by Theorems 2 and 3. 
Theorem 1. For an), odd integer k >~ 3, there exist infinitely many graphs that satis.[), 
the conditions in Conjecture 1 but have no 2-edge-connected [2,k]-factors. 
Proof. Let us construct a graph G. Choose positive integers m,n such that 
k = 2m-  1,n>~m(2m+ 1). Clearly, m>~2 and there exist positive integers nl,n2 . . . . .  n,,, 
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such that nl <~n2 <~ " "  ~nm,n  = nl + n2 + .. .  + nm ÷ 1 and nm - nl ~< 1. Let Gi be a 
complete graph with ni vertices for i E {1, . . . ,m} and define G / = Gl U G2 U. . .  U Gm. 
We construct G by adding a vertex x to V(G ~) and adding edges xv to E(G ~) for all 
v E V(G~). We will prove that G is a counterexample of Conjecture 1. 
Since IV(G)I = n = nl +n2 + . . .  +rim + l~>m(2m + 1) and nl ~<n2~ ' ' "  ~nm, 
n m - -n~ ~<1, so nl>>.2rn~4. Clearly, G is an nl-edge-connected graph, and thus in 
particular 4-edge-connected. It is clear 6(G) = nl ~>4~>2 and since m~>2 we have 
IV(a)l = n>.m(2m + 1) > 2m + 2 = k + 3. For any two vertices x and y of  G we 
have de(x)+ dG(y)>~26(G) = 2hi. Clearly, there is 1 <~t<<.m such that n = mnl + t. 
Then nl = (n - t)/m. So de(x)+ dc(y)>>-2(n - t)/m. Since n>-m(2m + 1) we have 
2(n - t )  4n 2 (n - t )  4n 2n-2t (2m+l )  2 (m- t )  
A= -- -- ~>- -~>0.  
m k + 2 m 2m + 1 m(2m + 1) m 
This implies de(x)+ dc(y)>~4n/(k + 2). So G satisfies the conditions in 
Conjecture 1. 
I f  G has a 2-edge connected [2,k]-factor F, then [NF(X)N V(Gi)I>~2 for 
i E {1,2 . . . . .  m}. Therefore, dF(X)>~2rn > 2m-  1 = k, a contradiction. So G is a 
counterexample of Conjecture 1. By the above argument, for every integer n satisfying 
n >>. m(2m + 1) such a counterexample exists. The proof is complete. [] 
By the proof of  Theorem 1, we can say that high-edge connectivity of  the graph does 
not guarantee the existence of such a connected factor because the edge connectivty of  
the counterexample becomes large when its order becomes large. So we propose the 
following. 
Con]ectm'e 2. Let G be a 2-cormected graph that satisfies the conditions in Conjec- 
ture 1. Then G has a 2-edge-connected [2,k]-factor. 
Let us consider Conjecture 2 for the special case k = 3. Firstly we give two lemmas. 
Lemma A (Hall [2]). Let G = (X, Y) be a bipartite graph. I f  INc(S)[/> IS] for any 
S C X, then G has a matching covering all the vertices of X. 
Lemma B (Ore [4]). Let G be a connected graph with IV(G)[ i>3. I f  dG(x)+dc(y)>>. 
[V(G)I for all two nonadjacent vertices x and y of  G, then G is hamiltonian. 
Theorem 2. Let G be a connected graph with connectivity x(G) = l and I V(G)I = n, 
where 2 % l <~ (n+9)/10. I f  d6(x )+dc(y)  >>. 2n/3 +4l/3 for all two nonadjacent vertices 
x and y of  G, then G has a 2-connected [2, 3J-factor. 
Proof. For convenience, we put 2 = 2n/3 + 4l/3. Let A1 = {aba2 . . . . .  at} be 
a vertex cut of  G and W1, W2 .. . . .  Wm be the components of  G\AI. Then m ~> 2. Let 
IV(W/)] = ni for all 1 <~i<~m and we may assume that nl >~n2 >~... >~nm. Let's first 
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prove that m = 2. Suppose that m~>3. Choose vertices xi E V(W,.) for every l <~i<<.m. 
Then 
m m 
1 + l)>>. Z a (xj) 1 - >~(m-  1))., 
j=2  j=2 
Thus, 
Z.~'~"nJ>~(m - 1)(n - l) +m-  1. 
3 
/ -2  
This inequality contradicts the fact that 
/_.,,"+nj ~< (m - 1)(n - l) 
• m 
i -2  
Therefore m = 2. We consider two cases: 
Case 1: Both Wl and W2 are complete graphs. 
Case 1.1: n2>~l. Let Bo = N~(AI)fq V(WI). Let us construct a bipartite graph 
H -~ (A1,Bo) such that E(H) = EG(A1,Bo). Then for every SCA1, we have 
INH(S)I>~[S] since otherwise Ntt(S)tJ (AI\S) is a vertex cut of  G with cardinality 
less than l, which contradicts ~(G) = 1. By Lemma A H has a matching M1 covering 
A i. Similarly, there exists a matching/142 in G[AI U (V(W2) N NG(AI ))] which covers 
A1. Let G be a hamilton cycle of Wi for i E {1,2} (when ni = 2, let (7, be a hamilton 
path of Wi). Then CI U C2 tO MltA Me is a 2-connected [2, 3]-factor of  G. 
Case 1.2:n2 < l. Clearly, nl > l. By the same argument as in the proof of Case 
1.1 we can get a matching Ml = {albl . . . . .  albl} covering A1 in G[AI U V(W1)]. Let 
BI = V(M1 ) A V(W1 ) = {bl . . . . .  bt}. 
I f  there exist two nonadjacent vertices ai and aj in G[AI]. Then dc(ai)+ d~(aj)>~)~, 
and thus we may assume that dc(ai)>~2/2>>,(lO1- 9)/3 + 21/3 = 41-  3>~3/ -  1. 
This implies that there exists a vertex bt+l E V(WI)\BI such that aibt+l E E(G) as 
IAI tOBI tO V(W2)[ ~<3l -  1. Let A 2 = Al\{ai},B2 = BI tO {b~+l} and if there exist two 
nonadjacent vertices a' i and a~. in G[A2], we can repeat the above procedure, ... until 
we have performed the procedure for t - 1 times and G[A,] is a complete graph. Let 
P0 = a,t . . . . .  ah be a hamilton path of  G[A,]. We can easily construct a 2-connected 
[2, 3]-factor G. 
Case 2. At least one of  W~ and W~ is not a complete graph. 
We no longer assume that nl ~>n2. Let us suppose that W1 is not a complete graph. 
We can show that nl >/2/2 - ( l  - 2). We consider two subcases: 
Case 2.1: nl > n -2 /2 -2 .  
Because nl + n2 + l = n, so n2 < )~/2 -- ( l  - 2). Clearly, W2 is a complete graph. 
For a vertex x C V(W1 ) and a vertex y E V(Wz), we have dc(x)+d6(y)>~,L Clearly 
d~(x)<~dw,(x)+ l and dG(y)<.dw~(y)+ l = n2 + l -  1. So dw,(x)>~£-n2 + 1 -2 l  = 
nl +( l -n ) /3+ 1. Therefore, dw~ (x ) -n l /2  >~nl/2+(l-n)/3+ 1 > n/2-)L/4-  1 +( l -n )~ 
3 + 1 = 0. So dw,(x) > nil2. Clearly nl >~3. By Lemma B we know that WI has a 
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hamilton cycle C~. Then by the argument in the proof of Case 1, G has a 2-connected 
[2, 3]-factor. 
Case 2.2:2/2 - (l - 2)~<nT ~<n - 2/2 - 2. 
Clearly, we have 2 /2 -  ( l -  2)~<n2~<n- 2 /2 -  2 and ni > 4 for i E {1,2}. For 
any two nonadjacent vertices x and y of Wi we have de(x) + dG(y)~> 2. Because 
de(x) <<. dw~ (x )+ l, de(y) <~ dw~ (y)+ l, so dw~ (x)+dw~ (y)/> 2-21. Therefore, dw~ (x)+ 
dw~(y) -n l>12-n l  -2 l  = n2-n /3+ 1 /3>~2/2- (1 -2 ) -n /3+ l/3 = 2 > O. 
So dw,(x)+dwx(y) > hi. By Lemma B we know that W1 has a hamilton cycle Cl. 
Similarly, We has a hamilton cycle C2. Because nl > l, n2 > l, by the same argument 
as in the proof of Case 1.1 we know that G has a 2-connected [2,3]-factor. The proof 
is complete. [] 
I f  2 ~< 1 ~<n/10, then 4n/5 >~2n/3 + 4l/3. So Theorem 2 implies the following result. 
Theorem 2.3. Let G be a connected graph with connectivity x(G) - - I  and 
IV(G)I =- n ,  where I>~2. I f  n>>-lOl and de(x) + dG(y)>>.4n/5 for any two non- 
adjacent vertices x and y of G, then G has a 2-connected [2, 3]-factor. 
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